Abstract We revisit the analogy suggested by the Madelung description, between a non-relativistic time-dependent quantum particle, to a fluid system which is pseudo-barotropic, irrotational and inviscid. We first discuss this description in general, pointing out a few important properties of the Madelung equations. Next we consider the advantages and the limitations of the analogy in the context of the Bohm potential as a barotropic pressure gradient force and the conservation of internal and kinetic energy of the fluid. When the flow is compressible the energy expectation value is composed of the fluid's kinetic energy and the Fisher information term. The latter is proportional to the "kinetic energy", associated with the imaginary part of the particle's momentum, whose expectation value is zero, and hence can be associated with "thermal" random motion within the fluid. Nonetheless, we note that one cannot obtain the Fisher information term as an internal thermal energy by applying directly the first law of thermodynamics on the fluid system. Incompressibility of the fluid immediately results in separable conservations of the kinetic energy and the Fisher information. Furthermore, incompressibility implies conservation of density along a fluid parcel trajectory and in 1D this immediately results in non-spreading of wave packets, as the sum of Bohm potential and an exterior potential, must be either constant or linear in space.
linear Schrödinger equation into two nonlinear ones. Nonetheless, despite of its additional complexity, the hydrodynamic analogy provides an important insight on the Schrödinger equation [2, 3, 4, 5, 6] . The Madelung equations (ME) describe a compressible fluid, and compressibility yields linkage between hydrodynamic and thermodynamic effects. The work done by the pressure gradient force to expand the flow transforms internal thermal microscopic kinetic energy to the macroscopic hydrodynamic kinetic energy of the flow. In this paper we wish to examine to what extent such a linkage can be made and what added value it provides in understanding quantum systems. ME can be obtained when taking the non-relativistic time dependent Schrödinger equation (TDSE) of a particle with mass m, under the presence of an external potential U (r, t):
Assuming that the wave function Ψ is continuous and can be written in a polar form Ψ (r, t) = √ ρ(r, t)e iS(r,t)/h ,
then together with the de Broglie guiding equation for the velocity
the real and the imaginary parts of the TDSE become (when noting that the flow is irrotational, see also Section 2.3) the continuity equation
and the pseudo-barotropic, inviscid Navier-Stokes equation
Here D Dt ≡ ∂ ∂t +u·∇ is the material (Lagrangian) time derivative of a fluid element along its trajectory andQ
is the Bohm potential Q [8] , divided by m, andŨ ≡ U/m. As indicated by [7] , in order for this formalism to be equivalent to the Schrödinger equation, one should also add a quantization condition. The paper is organized as follows. In Section 2 we examine the hydrodynamical properties of the Madelung equations. In Section 3 we relate them to their thermodynamical properties, and show how the Fisher information represents the internal thermal energy of the flow. Discussion of the results appears in Section 4.
Hydrodynamic properties of the Madelung equations

The continuity equation
It is somewhat surprising that we can describe the quantum state of a single particle in terms of a fluid whose mass density ρ f luid (r, t) = δM/δV is the probably density of the wave function ρ(r, t) to find the particle m in location r at time t (δM is an infinitesimal "fluid mass" occupying an infinitesimal volume δV , where M is non-dimensional since it represents probability). The continuity equation (4) is usually represented in its Eulerian form
where J = ρu is the flow mass flux. In its Lagrangian representation however, (4) simply reflects the statement that a "fluid parcel" conserves its mass δM as it moves with velocity u, i.e., Dt ρ = 0, and that is to say that the density is conserved along a "fluid parcel" trajectory. In 1D, incompressibility implies that u is not a function of space, and therefore ρ is non-spreading whether or not the flow is accelerating.
The Bohm potential as a pressure gradient force
Equation (5) can be regarded as Newton's second law where the terms at the RHS are the forces per unit mass acting on the fluid. At a first sight it is surprising that a force (the gradient of the Bohm potential) is acting on the flow even in the absence of an external potential U . However, it is natural to consider this term as a pressure gradient force (PGF) since pressure gradients are generated spontaneously within a fluid and cause the fluid to accelerate. Different interpretations have been suggested to the Bohm potential term [3, 5] , but here we simply choose to write
In a pure barotropic flow the pressure P is only a function of the density, i.e. surfaces of equal pressure (isobars) are parallel to surfaces of equal density (isopycnals) so thatQ = dP ρ . Here the Bohm potential (6) is a function of spatial derivatives of the density rather than the density itself, and hence we denote this flow as pseudo-barotropic. Using the identity
we can solve (8) to obtain
(where P can only be defined up to a function which is space independent). We should note however, that since P depends on spatial derivatives of the density, it cannot be defined as a proper thermodynamic pressure. Furthermore, a superposition of two plane-wave functions immediately reveals that P does not obey Dalton's law as the total pressure is not equal to the sum of the pressures resulted by the density associated with the two plane-waves due to their interference. In the absence of an external potential U , it is surprising that the quantum state of a free particle is mapped into a fluid that can be accelerated by a force, even if this force is the PGF which is internal to the flow. However, defining the acceleration as a = Du Dt , its expectation value can be found to be
(where the integrations are taken over the whole domain V ). Thus, if ρ is bounded within the domain and vanishes at the domain boundary A, then the net expectation value of the acceleration is zero and the Ehrenfest's theorem is not violated.
Irrotational potential flow
The de Broglie guiding equation (3) implies that the flow is potential (the velocity can be written as a pure gradient) and hence irrotational, i.e. the vorticity is identically zero
(in regions where ρ = 0, the vorticity can be non-zero in principle, as in superfluid singularities, however we refrain here from discussing such cases). Since the PGF, represented by the Bohm potential, is in the barotropic form of a pure gradient it does not exert momentum torque on the fluid, thus the fluid remains irrotational. This can be seen by taking the curl of (5) to obtain
therefore, if ω(t = 0) = 0 the vorticity remains zero at all times.
Flow incompressibility and non-spreading wave packets
As pointed out in Section (2.1) when the flow is incompressible (∇ · u = 0), density is conserved along "fluid parcel" trajectories. It is worth noting that this statement is equivalent to the one that a wave packet following such trajectory is non-spreading. Furthermore, since
, and the flow is irrotational, (5) becomes
whereK = u 2 /2 is the kinetic energy per unit mass. Specifically, for 1D flow, incompressibility ( ∂u ∂x = 0) implies that u can be only a function of time and (14) becomes
posing the constraint on the potentials:Q+Ũ = a(t)x+b(t). Among the potentials mentioned in the literature which satisfy this condition are: i) the free Airy wave packet ( √ ρ ∝ Ai(x) & U = 0) [13] ; ii) the gravitational "quantum bouncer" [14] ; iii) the ground state of the harmonic oscillator (
Hamilton-Jacobi and the Bernoulli equations
For completeness we note that (14) can be directly obtained by applying ∇ on the imaginary part of the TDSE:
which can be regarded as the the Hamilton-Jacobi equation where S is the action and the Hamiltonian is H = m(K +Q +Ũ ). To avoid confusion please note that the partial time derivative is in the fluid dynamics Eulerian sense. In this language Be is the generalized Bernoulli function for compressible barotropic, irrotational, inviscid flow. Generally, Be can be only time dependent, as ∇Be = 0, and the action plays the role of the velocity potential. In the quantum case however, (16) indicates that Be is strictly zero.
Thermal properties and the Fisher information
Assuming U to be a time independent potential, then multiplying (5) by (ρu) and using (8) we obtain
We can use (4) to obtain that for any scalar field α, ρ 
it is clear that if the flow is incompressible K +Ũ and Q are conserved separately, as happens in conservative adiabatic fluids when Q represents thermal internal energy. For the general adiabatic compressible case (∇ · u = 0), the first law of thermodynamics implies that ρ D DtĨ = −P ∇ · u, whereĨ is the thermal internal energy of the fluid per unit mass. If we choose to impose such a law on (14) , we obtain
This however, does not imply of course thatQ =Ĩ, and indeed ρ D DtQ = −P ∇ · u. Furthermore,Q by itself is not a positive-definite term. Nonetheless its expectation value yields, after integration by parts,
where F I is the Fisher information, in the form presented in [11, 12] , whose score expectation value is ρ∇(ln ρ)dV = 0. The Fisher information seems therefore appealing to be considered as representing the quantum fluid thermal energy. Moreover, writing the momentum in the form
we can define the complex velocity field as:
where
hence v i is proportional to the score, having a zero expectation value, as is expected from random thermal motion, and
can be regarded as the total kinetic (hydrodynamic macroscopic plus thermal microscopic) energy of the flow representing the quantum particle. This result agrees with previous analyses suggested in [9, 10] . The possibility of converting thermal energy to macroscopic kinetic energy, increases (in general) the uncertainty of the latter (hence also the uncertainty of the particle's momentum) and therefore is expected to decrease the uncertainty in the particle's position. This accords well with the interpretation of Bohm's potential as the Fisher information which relates directly to a measurement of the particle's position [11] , and also yields the Cramer-Rao bound. Moreover, because the Fisher information tends to decrease with time, this implies that compressibility makes K to grow on the expense of Q , and this happens when the fluid expands its overall volume with time and its entropy increases. Hence, this perspective strengthens the relation between the Fisher information and the notion of negative entropy (negentropy) [12] .
Discussion
In the first part of this paper we revisited the Madelung hydrodynamic analogy to the Schrödinger description of a time dependent non-relativistic quantum particle in the presence of an exterior potential. The aim was to present this alternative, and somewhat surprising view, in a way that is appealing both to quantum physicists and classical fluid dynamicists. Furthermore, we pointed out that the hydrodynamic perspective can be intuitive and helpful, especially when considering the application of compressibility on the quantum system. In the second part we suggested a complementary, thermodynamic description to the Madelung equations which mainly makes use of the imaginary components of the Schrödinger equation. The imaginary component of the momentum can be related to thermal motion and the energy associated with the Bohm potential is translated to the Fisher information which is proportional to that thermal kinetic energy. The suggested thermodynamic description is formed using a top-down approach in the sense that we do not build the macroscopic thermodynamic parameters bottom-up from a comprehensive statistical microscopic theory. Rather, we conclude them from the macroscopic hydrodynamic equations. Furthermore, the suggested thermodynamic-like parameters (pressure, internal energy) are not proper thermodynamic ones as they depend on local derivatives of the density which is a macroscopic parameter. This is why we cannot explicitly employ the first law of thermodynamics, nor can we relate the classical thermodynamic entropy to some sort of a quantum one.
Nonetheless, we do find it meaningful that the analogous internal energy of the quantum fluid, representing random motion, is expressed in terms of the Fisher information, which is an alternative, and perhaps more suitable measure to the degree of disorder in the quantum system. The connection between Bohm potential and Fisher information opens the way for an extensive study on information flow in quantum systems. Furthermore the suggested energy conservation is in principle a measurable quantity in laboratory experiments.
